taken into account in the reduced-order model using a statistical approach. The theory is presented and is applied to a computational model of fuel assemblies for which the dynamical response must be characterized in terms of global displacements.
characterized by a very low modal density, which means that the resonances are well separated. In this case, classical methods (such as modal analysis see [1, 2] ) can be used in order to construct a ROM with a small dimension which allows the LF dynamical responses to be efficiently predicted with a good accuracy and a good robustness with respect to both the system parameters uncertainties and the model uncertainties induced by modeling errors. Furthermore, in this case, the ROM can easily be updated using experimental modal analysis techniques and experimental responses [3, 4] . In general, this low-frequency range can clearly be separated from the medium-frequency range and from the highfrequency range for which the modal density is larger and for which adapted methods have to be introduced in order to construct efficient ROMs [2, 5] . In this paper, we are interested in the dynamical analysis of complex beam-like structures constituted of a master stiff structure for which its displacements are mainly global and of several flexible substructures for which their displacements are mainly local. The eigenfrequencies of the first local elastic modes of each free-free flexible substructure (not connected to the master structure) belong to the same LF band as the first global elastic modes of the master stiff structure. As a consequence, as soon as the flexible substructures are connected to the master structure, the local elastic modes induce numerous local resonances in the LF range. Furthermore, due to this coupling between the master structure and the flexible substructures, there are some couplings between the global displacements and the local displacements. The deformations of global elastic modes are mainly composed of global displacements but also of local displacements contributions due to local elastic modes. Consequently, when there are numerous local elastic modes in the LF ranges, the elastic modes cannot easily be separated into global elastic modes and local elastic modes. There are no efficient sorting method which could be used to select the elastic modes in terms of global elastic modes and local elastic modes. In addition, although the reduced-order model must be constructed with respect to the global elastic modes, this ROM must have the capability to predict the amplitudes of the responses of the structure in this LF range. For an excitation applied to the master structure, since there are local elastic modes local displacements space. The first step of this method consists in decomposing the domain of the structure into non-overlapping subdomains. The choice of the geometry of the subdomains allows the characterization of the global displacements space to be controlled. A projection operator is constructed on the base of the decomposition in subdomains and is defined as a kinematic reduction on each subdomain. For the construction of the global displacements space, the proposed methodology corresponds to a reduction of the kinetic energy while the elastic energy is kept exact.
Global displacements are generally robust with respect to uncertainties (except uncertainties induced by modeling errors of the boundary conditions) while local displacements are very sensitive to both the system parameter uncertainties and model uncertainties induced by modeling errors. The introduction of the generalized coordinates associated with the basis of the global (or the local) displacements space, briefly called the global (or the local) generalized coordinates, proposed in [7] , provides a practical frame which allows us to construct a stochastic ROM for the dynamical system under consideration. It consists in implementing a probabilistic model of uncertainties only related to the local generalized coordinates.
Concerning the previous researches relative to the construction of a ROM for complex beam-like structures having a high-modal density in the LF range, most of them are based on the introduction of an equivalent beam model [8, 9] or on the use of homogenization methods [10] . The development of such simplified models requires an expertise concerning the dynamical behavior for this type of complex beam-like structure and provide a quite good approximation of the dynamical responses in the LF range in terms of the global displacements. However, these approximations do not allow the local contributions to be taken into account. Furthermore, the construction of an accurate simplified model cannot automatically be carried out and a procedure of validation of the simplified model is always needed. In [11] , the authors propose to construct a basis of the global displacements space using a rough finite element model. Nevertheless, such a rough finite element model does not allow a good approximation of the elastic energy to be obtained for heterogeneous structures with complex geometries. The Proper Orthogonal Decomposition (POD) method (see [12] [13] [14] ) allows in some cases to extract an accurate small size basis in order to construct a ROM, but this basis has to be constructed a posteriori, which means that a sufficiently rich dynamical response must be constructed. Moreover, the usual POD basis is only optimal for a given external load (or imposed displacement) while the POD method proposed for the linear dynamical systems in [4] is optimal for any external loads (or any imposed displacements).
The objective of this paper is double. The first one consists in constructing a ROM in the LF range for complex beam-like dynamical structures having a high-modal density in the LF range. The second one is to take into account the effects of the local elastic modes on the ROM in this LF range. The first objective is achieved using the method introduced above for which a subdomains decomposition of the domain is proposed. The second objective is achieved introducing a probabilistic model of uncertainties for the local generalized coordinates as explained above the stochastic modeling which is proposed differs from the one introduced in [7] . Note that the objective is not to construct a reduced-order model which would be of smaller size than a reduced-order model constructed with a classical modal analysis, but is to separate the global contributions from the local contributions, and to model each of this contribution in different ways with respect to uncertainties. Section 2 is devoted to the introduction of the computational dynamical model and its usual ROM constructed with the elastic modes. In Section 3, the details of the methodology are summarized and an adapted subdomains decomposition of the domain is presented. Section 4 is devoted to the construction of the probabilistic model of uncertainties which allows us to statistically take into account the effects of the local elastic modes on the LF responses of the constructed ROM. In Section 5, the methodology is applied on a computational model of half fuel assembly of pressurized water reactor.
COMPUTATIONAL DYNAMICAL MODEL AND ITS USUAL REDUCED-ORDER MODEL
The computational dynamical model is constructed using the Finite Element (FE) method and its usual reduction using the elastic modes is introduced. The eigenfrequencies and the elastic modes of the associated conservative dynamical system are determined in finding λ and φ in R m such that
Using the modal analysis method, the approximation U (n) (ω) at order n of U(ω) is written as
in which q(ω) = (q 1 (ω), . . . , q n (ω)) is the complex vector of the n generalized coordinates and where
is the (m × n) real matrix of the elastic modes associated with the n first eigenvalues. The modal analysis method allows the dynamical response of the structure to be predicted in the LF range with a good accuracy if the modal density is low, that is not the case for the dynamical structure we are interested in. However, the elastic modes and the reduced-order model obtained using the modal analysis will be used for the methodology proposed in order to construct the LF ROM for beam-like structure, using a double projection method (see Section 3.2).
BASES OF THE GLOBAL AND LOCAL DISPLACEMENTS SPACES
In this Section, the method presented in [7] for continuous and discrete cases is summarized for the discrete case (using the FE method).
Decomposition of the mass matrix
The first step consists in partitioning the domain Ω into n J non-overlapping subdomains Ω j such that
More details concerning the subdomains composition of the domain for beam-like structures are given in Section 3.4.
Let u → h r (u) be the linear operator defined by
in which x → 1l Ωj (x) = 1 if x is in Ω j and = 0 otherwise. For all j in {1, . . . , n J }, the local mass m j is defined by
is the mass density. This operator carries out an average of the displacements with respect to the mass density in each subdomain Ω j (kinematic reduction). Let u → h c (u) be the linear operator defined by 
and satisfies the following property,
The
and can be written as,
The projected mass matrix [M r ] and the complementary mass matrix [M c ] are useful for the construction of the global eigenvalue problem and the local eigenvalue problem defined hereinafter.
Construction of the bases for the global and the local displacements spaces
The basis of the global displacements space is constituted of the eigenvectors ϕ g in R m of the following eigenvalue problem, called the global eigenvalue problem,
in which the stiffness matrix is kept exact while the mass matrix is projected. This generalized eigenvalue problem admits an increasing sequence of 3n J positive eigenvalues 0 < λ problem,
in which the stiffness matrix is kept exact while the mass matrix is projected. This generalized eigenvalue problem admits an increasing sequence of positive eigenvalues 0 < λ space and the basis of the local displacements space are calculated using a double projection method which is less intrusive with respect to the commercial software and less time-consuming than the direct method. For n sufficiently large, the solutions of the generalized eigenvalue problems defined by Eqs. (11) and (12) are then rewritten as
in which [Φ] is the modal matrix defined by Eq. (3). The eigenvectors ϕ g are the solutions of the generalized eigenvalue problem
in which
, and where the
. The eigenvectors ϕ ℓ are the solutions of the generalized eigenvalue problem
Mean reduced-order model (ROM)
In [7] , it is proven that the family {ϕ of U(ω) at order (n g , n ℓ ) is written as
Let be n t = n g + n ℓ . Let q(ω) = (q g (ω) , q ℓ (ω)) be the vector in C nt of all the generalized coordinates such that
Consequently, vector q(ω) is solution of the following mean reduced matrix equation,
where
are the (n t × n t ) mean generalized mass, damping and stiffness matrices defined by blocks
Let A (or A) be denoting M , D or K (or M, D or K). Therefore, the block matrices are defined by
which can be rewritten, using Eq. (13),
in which the [ A] is the (n × n) matrix defined by
The matrices [K gg ] and [K ℓℓ ] are diagonal. The generalized force is a vector in C nt which is written as
Then, for all ω fixed in B, the generalized coordinates are calculated by solving Eq. (17) and the response U ng,n ℓ (ω) is calculated using Eq. (16).
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Subdomains decomposition of the beam-like structure domain
The method summarized in Sections 3.1 to 3.3 is completely parameterized by the subdomains decomposition of the domain. The shape of the global eigenvectors depends on the choice of the subdomains. In [7] , it is recommended to choose subdomains with a homogeneous size. This size is related to the smallest spatial wavelength which will be filtered. For a complex beam-like structure, one wants to extract the beam-like eigenvectors to construct the ROM, that is to say, we want to filter transversal local displacements. Therefore, the slender initial domain is decomposed into slices of equal thickness ε of the beam-like structure (see Fig. 1 ).
FIG. 1:
Decomposition of domain Ω of the beam-like structure.
UNCERTAINTY QUANTIFICATION
In the LF range, the global elastic modes are not really sensitive to uncertainties introduced in the computational model (except uncertainties on the boundary conditions). Nevertheless, the structure under consideration had also local elastic modes in the same LF band. It is well known that the modal density of such local modes increases rapidly with the frequency and that, in addition, the local elastic modes are very sensitive to both the system-parameters uncertainties and the model uncertainties induced by the model errors. In order to improve the predictability of the reduced-order computational model in the LF range, the nonparametric probabilistic approach (see [15] ) is used to take into account uncertainties in the local displacement space, that is to say, for the local generalized coordinates.
The probabilistic model of uncertainties we propose is an improvement of the one introduced in [7] , in which the positive-definiteness of the generalized random matrices were not guaranteed almost surely. .
be the mathematical expectation. We introduce the random matrix [ A] associated with the matrix
(see Eq. (21)). The random matrix [ A] is with values in the set of all the positive-definite symmetric (n × n) real matrices. Its probability density function is constructed using the maximum entropy principle under the constraints defined by the following available information: (1) the random matrix is positive definite almost surely, (2) 
its mean value is such that E{[ A]} = [ A] and (3) this random matrix verifies the following inequality E{log(det[ A])} = c A
with |c A | < +∞. The probability distribution (see [15] ) of the random matrix [ A] depends on the mean value [ A] and on the dispersion parameter δ A which allow the level of uncertainties to be controlled and which is defined by
in which ∥.∥ F is the Frobenius norm. We introduce the Cholesky factorization
Then, using the double projection method, we write
in which the block matrices are defined by 
. It can then be deduced that random matrix [A] is positive definite almost surely.
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Random frequency responses
The random response U ng,n l (ω) is then written as
in which the random vector Q(ω) = (Q g (ω) , Q ℓ (ω)) with values in C nt of all the random generalized coordinates
. Consequently, the random vector Q(ω) is solution of the following stochastic reduced matrix equation,
This equation is solved using the Monte Carlo simulation method [16] .
It should be noted that the probabilistic model of uncertainties is implemented in the ROM. The computation of the global eigenvectors and the local eigenvectors of the dynamical model is carried out outside the Monte Carlo loop. Consequently, as soon as the mean ROM (see Eq. (17)) is constructed, then the stochastic ROM is deduced (see Eq. (26)) and each Monte Carlo loop is relatively fast. Furthermore, the Monte Carlo simulation can efficiently be implemented as a parallel Monte Carlo solver. The stochastic ROM is not of small size if the modal density is very high, and particularly there is no size gain with respect to a classical modal analysis. For instance, a real fuel assembly of pressurized water reactor has more than 10, 000 elastic modes in the LF band due to the numerous local modes of each fuel rod. The interest of the approach lies in the separation between the global contributions and the local contributions which allows the global displacements and the local displacements to be modeled in different ways with respect to uncertainties.
APPLICATION TO FUEL ASSEMBLIES
In this section, we apply and validate the methodology to a computational model of a half fuel assemblies.
Mean computational model
The dynamical system is made up of 49 tubes linked each to the others by four grids. There are two types of tubes:
(1) the guide-tubes (black tubes on Fig. 2) which are clamped at their ends and welded to the grids and (2) the fuel- 
Modal analysis, global and local eigenvectors
In a first step, the elastic modes are calculated with the mean computational model defined by Eq. 
Frequency responses calculated with the reduced-order model
For all ω in B, the structure is subjected to two external point loads equal to 1 N applied to a node which belongs to the lowest grid (stiff part) and a node belonging to the fuel-tube 3-3 (see Fig. 2 ) (flexible part) located between the two lowest grids. The mean damping matrix is constructed using a modal damping corresponding to a damping rate ξ = 0.01. The response is calculated at two observation points, the point Pobs 1 located in the highest grid (stiff part) and the point Pobs 2 belonging to the fuel-tube 3-3 (flexible part) located between the two highest grids. The response is calculated for different projections associated with the different bases: the elastic modes with Eq. (3) (n = 500), the The confidence regions corresponding to a probability level P c = 0.98 are presented in Fig. 6 . It can be seen that for observation points Pobs 1 and Pobs 2 the sensitivity of the resonances relative to the global eigenvectors with respect to uncertainties is low. This variability increases at the frequencies for which the local contributions are not negligible. For this application, we have constructed the stochastic ROM in order to carry out a sensitivity analysis of the structure with respect to uncertainties. It should be noted that if experimental responses were available, the dispersion parameters could be identified experimentally by solving an inverse stochastic problem (see [17] ) .
CONCLUSIONS
A general method has been developed and validated to construct a stochastic reduced-order model for complex beamlike dynamical structure having a high modal density in the LF range. The projection basis is made up of two families 
